Circular geodesic radiation in Schwarzschild spacetime : A semiclassical approach by Higuchi, Atsushi et al.
This is a repository copy of Circular geodesic radiation in Schwarzschild spacetime : A 
semiclassical approach.
White Rose Research Online URL for this paper:
http://eprints.whiterose.ac.uk/128288/
Version: Accepted Version
Article:
Higuchi, Atsushi orcid.org/0000-0002-3703-7021, Crispino, Luis C B and Bernar, Rafael P 
(2018) Circular geodesic radiation in Schwarzschild spacetime : A semiclassical approach. 
International Journal of Modern Physics D. ISSN 0218-2718 
https://doi.org/10.1142/S0218271818430022
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/
Reuse 
Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless 
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by 
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of 
the full text version. This is indicated by the licence information on the White Rose Research Online record 
for the item. 
Takedown 
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 
February 5, 2018 16:46 WSPC/INSTRUCTION FILE HBC˙IVASP
International Journal of Modern Physics D
c© World Scientific Publishing Company
Circular geodesic radiation in Schwarzschild spacetime: A semiclassical
approach
Rafael P. Bernar∗ and Lu´ıs C. B. Crispino†
Faculdade de F´ısica, Universidade Federal do Para´, 66075-110, Bele´m, Para´, Brazil
∗rafael.bernar@icen.ufpa.br
†crispino@ufpa.br
Atsushi Higuchi
Department of Mathematics, University of York, YO10 5DD,
Heslington, York, United Kingdom
atsushi.higuchi@york.ac.uk
Received Day Month Year
Revised Day Month Year
Extreme curvature settings and non-trivial causal structure of curved spacetimes may
have interesting theoretical and practical implications for quantum field theories. Radi-
ation emission in black hole spacetimes is one such scenario in which the semiclassical
approach, i.e. quantum fields propagating in a non-dynamical background spacetime,
adds a very simple conceptual point of view and allows us to compute the emitted power
in a straightforward way. Within this context, we re-examine sources in circular orbit
around a Schwarzschild black hole, investigating the emission of scalar, electromagnetic
and gravitational radiation. The analysis of the differences and similarities between these
cases provide an excellent overview of the powerful conceptual and computational tool
that is quantum field theory in curved spacetime.
Keywords: graviton two-point function; static de Sitter spacetime; infrared behavior.
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1. Introduction
The detection of gravitational waves1,2 propelled science into what can be a new age
of observations and theoretical predictions. In this context, the study of gravitational
waves in astrophysical systems and cosmological settings is of particular importance.
In an attempt to understand what was then thought to be observed gravitational
waves,3 C. W. Misner interpreted this gravitational wave signal of Weber’s not as
coming from an quadrupole radiation at the center of our galaxy, but from a localized
source radiating synchrotron modes of gravitational waves.4 From the analysis of the
emitted scalar radiation by a source in circular orbit around a Schwarzschild black
hole,5 it was claimed that a similar behavior for the gravitational radiation was to be
expected, namely, radiation concentrated in the plane of orbit and spectrum with a
1
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high frequency peak. If the gravitational radiation Weber claimed to have detected
were of the synchrotron type, and if our Solar System happened to be approximately
on the same plane as the source’s orbit, then the radiated power claimed to have
been measured would be explained more easily than by the quadrupole formula.
If Weber’s signal was coming from a quadrupole source, the estimated power from
the observations would be deemed high enough to consume almost all the galaxy’s
mass in a small fraction of its age.
However, the extrapolation of the scalar radiation results to gravitational radi-
ation are not as straightforward as it seemed.6–8 Although scalar, electromagnetic
and gravitational radiation emitted by a source in circular orbit around a black
hole can be treated in a unified manner,9 their polarization states lead to different
spectra.
Quantum field theory (QFT) in curved spacetime provides a natural framework
to treat these radiation processes systematically. The simplest case, the scalar radi-
ation from a source in geodesic circular orbit around a Schwarzschild black hole, was
analyzed in Ref. 10 (see also Ref. 11) and started this program. The scalar emitted
power was computed by considering the one-particle-emission amplitude, when a
massless scalar field is excited by a scalar source in a stable geodesic orbit around a
Schwarzschild black hole. For unstable orbits, the scalar radiation indeed exhibits a
synchrotron behavior.12 The mass of the scalar field was found not to qualitatively
change the results, at least for stable orbits.13 A more realistic scenario was pre-
sented in Ref. 14, where the scalar source was replaced by an electric charge and
the emission of photons by this charge was analyzed, together with the absorption
of the electromagnetic radiation by the black hole. The case for gravitational radia-
tion, where the source is now a particle in a geodesic circular orbit, was considered
in Ref.15. It has been shown that there is an enhancement of the high multipole
modes for unstable orbits, which would be characterized as synchrotron radiation.
However, the low multipoles, especially the quadrupole one, still have relevant con-
tributions to the emitted power, even for unstable orbits. Thus, the gravitational
radiation is not as concentrated in the plane of orbit as in the scalar radiation case.
In this context, the purpose of this paper is to present the analysis of the emitted
radiation by a source in circular orbit around a Schwarzschild black hole, in a
unified framework, treating the radiation (scalar, electromagnetic, or gravitational)
as a quantum field propagating in the curved background. A perturbative approach
is taken to compute the one-particle-emission amplitudes at tree level. We then
compute the emitted power of radiation for each case. Although equivalent to the
classical methods, the use of the QFT framework provides a very simple conceptual
point of view as well as tools for possible extensions.
2. Quantization of bosonic fields in Schwarschild spacetime
We will consider a source, in circular orbit around the black hole, that can emit ra-
diation of three different spins: 0 (scalar), 1 (electromagnetic) and 2 (gravitational),
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depending on the associated current. Each radiation is described by a different quan-
tum field: a scalar field φˆ(x), an electromagnetic field Aˆµ(x) and a gravitational field
hˆµν(x), respectively.
The quantization of the fields is done as follows: we start with the free (quadratic)
Lagrangian density L[ψ] of each field, where ψ represents one of the three fields. The
Lagrangian depends only on the fields and their first order covariant derivatives.
The conjugate momentum current is defined by
pλψ ≡
1√−g
∂L[ψ]
∂(∇λψ) . (1)
Note that, since ψ may have spacetime indices, the conjugate momentum current
can possibly be a vector (scalar case), a 2-tensor (electromagnetic case) or a 3-tensor
(gravitational case). With the conjugate momentum current defined, we introduce
the following symplectic product:
Ω(ψ, ψ′) ≡ −
∫
Σ
dΣnλ(ψp
λ
ψ′ − ψ′pλψ), (2)
where Σ is a Cauchy hypersurface with future-directed unit normal vector nλ and
ψpλψ′ is to be understood as the contraction of the possible indices of ψ with those
in pλψ′ (e.g. ψp
λ
ψ′ = hµνp
λµν
h′ if ψ = hµν). We assume that this symplectic product
is non-degenerate. A possible basis for the solutions of the free field equation is the
set of positive-frequency solutions, characterized by a time-dependence of the form
e−iωt, ω > 0, together with their complex conjugates. We expand the field ψ(x) in
terms of this basis, namely
ψˆ(x) =
∑
n
[aˆnψn(x) + aˆ
†
nψ
∗
n(x)], (3)
where n represents all possible labels of the solutions. Note that, since the
Schwarzschild solution represents a static spacetime, the notion of positive-
frequency solutions is well defined. We require the positive-frequency solutions to
be normalized according to the following inner product:
〈ψn, ψn′〉 = iΩ(ψ∗n, ψn′) = δnn′ . (4)
Here δnn′ may involve Dirac delta functions. The operators aˆn and aˆ
†
n have the
interpretation of annihilation and creation operators of modes labeled by n, respec-
tively.
This quantization method presents no difficulties for the scalar field. In this
case, the symplectic product is closely related to the usual Klein-Gordon inner
product for the scalar field. For the electromagnetic and gravitational fields, due
to the fact that both theories have gauge invariance, the symplectic product over
the whole space of solutions is degenerate: pure gauge solutions (i.e. Aµ = ∂µα or
hµν = ∇µξν + ∇νξµ) are orthogonal to all solutions including themselves. Hence
we have to restrict the space of solutions by imposing some gauge conditions such
that the symplectic product is nondegenerate on the space of solutions satisfying
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them. Hence, from now on, we assume that gauge conditions have been chosen such
that the symplectic product is nondegenerate in all three cases (see Ref. 16 for the
details in the gravitational case).
We can expand each field in terms of harmonic tensors on the two-sphere. The
scalar field will be expanded in terms of scalar spherical harmonics Y (lm)(θ, ϕ).
The electromagnetic field and the gravitational field are expanded in terms of the
scalar spherical harmonics, their covariant derivatives and vector spherical harmon-
ics Y
(lm)
i (θ, ϕ). We can treat the scalar-type part of the fields separately from the
vector-type parta. The decomposition in spherical harmonics allows us to rewrite the
field equations in terms of a equivalent set of equations on the spacetime spanned
by the t and r coordinates. This is done in details for the scalar case in Refs. 10,
11. The electromagnetic field was given this treatment in Ref. 17. The gravitational
case is more involved. Nevertheless, a covariant decomposition in spacetimes with
a certain symmetry group was given in Refs. 18, 19, for arbitrary dimensions. In
any case, for all the three fields, the positive-frequency solutions can be expressed
in terms of radial functions usn(r), which satisfy
−f(r) d
dr
[
f(r)
d
dr
+ V sn (r)
]
usn(r) = ω
2usn(r), f(r) = 1−
2M
r
, (5)
where V sn (r) is an effective potential and M is the black hole mass. The additional
label, given by s, indicates the dependence with the spin of the field. In the spacetime
of a Schwarzschild black hole, we need to choose appropriate initial data for the
wave equation (5) on past null infinity I− and on the past horizon H−. For this
particular problem, we choose the independent modes which are purely incoming
from I−, the so-called in-modes, and the modes purely incoming from H−, the
so-called up-modes. These modes are normalized with respect to the symplectic
product in Eq. (2). A pictorial representation of these modes is given in Fig. 1.
in-modes
J−
J +
H−
H+
up-modes
J−
J +
H−
H+
Fig. 1. The in-modes (left) and up-modes (right) as seen in the Penrose diagram of Schwarzschild
spacetime.
aObviously, the scalar field has no part depending on the vector spherical harmonics.
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Thus, the set of labels n can be written as n = (ω;P, λ; l,m), where λ = in, up
denotes the particular independent mode of Eq. (5) and (l,m) are the angular
quantum numbers. The label P = S, V stands for the type of harmonic tensor used
in the expansion.
To first order in perturbation theory, the amplitude for the source to emit a
quantum particle, with quantum numbers represented by n, can be written as
An[ψ] = i〈n|
∫
d4x
√−gψj[ψ]|0〉, (6)
where j[ψ] is the current associated to each of the three cases and ψj[ψ] denotes
the (possible) contraction of indices in ψ with those in j[ψ]. The vacuum state in
this case is the Boulware vacuum, i.e. the one annihilated by all the aˆn. The current
can be linked to the energy-momentum tensor of the source (for the gravitational
case, the current is the energy-momentum tensor). For a source in circular geodesic
orbit around the black hole and from (6), the structure of the currents implies that
the amplitude An is proportional to δ(ω −mΩ), where Ω is the angular velocity of
the source, and hence only particles with ω = mΩ have a nonvanishing probability
of being emitted.
The power of emitted particles, associated to the field ψ and with quantum
numbers P , λ, l and m, is given by
WP,λ;l,m[ψ] =
∫ ∞
0
dω ω
|An[ψ]|2
T
, (7)
where T =
∫∞
−∞
dt = 2piδ(0) is the total time as measured by an asymptotic static
observer. Several other quantities associated to the radiation can be computed such
as the spectral distribution and the angular distribution of energy.
The solutions to Eq. (5) can be obtained using numerical methods and used
to compute the emitted power and related quantities. In the QFT framework, this
was done for the scalar case in Refs. 10, 11. The electromagnetic and gravitational
cases were treated in Ref. 14 and Ref. 15, respectively. We exhibit here the spectral
distribution for the three cases in Fig. 2. We see that only the scalar case exhibits a
high frequency peak.6–8 Although an enhancement of the high multipole modes is
present in the electromagnetic and gravitational cases, the low multipoles still give
an important contribution to the emitted power. We note here that the gravitational
radiation lacks the l = 1 dipole mode, which is excited by the source’s orbit in the
scalar and electromagnetic cases.
3. Discussion
The framework of quantum field theory in curved spacetimes (QFTCS) proves to be
very useful in the radiation setting presented here, allowing us to present all three
situations in a unified way. Their comparison is then straightforward. The presence
of a black hole allows the source particle to be in a (geodesic) circular orbit and the
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Fig. 2. Normalized spectral distributions for the three cases: scalar (s = 0), electromagnetic
(s = 1) and gravitational (s = 2) radiations. The source, in each case, is located at r/M = 3 + ǫ,
with ǫ = 10−2. All the functions are normalized by their maximum achieved value.
radiation emitted in this setting can be readily computed in the quantum framework
at tree level.
The recent progress in the gravitational-wave research presents an exciting
prospect for testing existing physical theories and possibly discovering new physics.
The framework of quantum field theory in curved spacetime provides an alternative
picture of gravitational radiation as a tree-level quantum emission.
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